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Abstract: We consider a singleton deformation of the AdS4 higher-spin theory dual to 
the three-dimensional 0{N) vector model. The singleton couples to the higher-spin multiplet 
only through a marginal boundary interaction. We argue that the effect of such a deformation 
is to shift A —7- A + 1 in both sides of the holographic correspondance and we show how the 
gap equations of the three-dimensional 0{N) vector model arise from the higher-spin theory. 
The singleton deformation breaks higher-spin symmetry and gives rise to the well-known 1/A 
anomalous dimensions of the boundary theory. 
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1 Introduction and Summary 

Three-dimensional models have long been used as simple laboratories for a number of interest- 
ing field theoretic properties. Among the simplest and best known examples are the bosonic 
and fermionic (or Gross-Neveu) 0(N) vector models which are renormalizable field theories in 
the context of the expansion.^ These models exhibit critical behavior described by non- 
trivial CFTs with perturbatively calculable anomalous dimensions for all operators in their 
spectrum (e.g. [3-9]). They also exhibit simple patterns of symmetry breaking. In particular, 
the bosonic model exhibits the 0{N) — t- 0{N — 1) global symmetry breaking pattern and 
the corresponding Goldstone mechanism, while the fermionic model exhibits parity symmetry 
breaking. 

The advent of AdS/CFT has revived the interest for these models and in particular for 
the bosonic one due to its conjectured holographic duality [10] with the simplest higher-spin 

^For reviews see [1, 2]. 
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gauge theory on AdS4.^ It was also suggested in [13] that the fermionic 0{N) model also 
has a higher-spin dual, termed the B-model in [14], the latter being the truncation to a 
conformally coupled pseudoscalar of A/" = 1 SUSY higher-spin theory in AdS4. A different in 
nature higher-spin holography in the context of AdSa / CFT2 has also attracted interest lately 
[15, 16]. 

While important progress in understanding the conjectures [10, 13, 14] has been made in 
a number of recent works [17-20], some crucial questions remain open. A primary question is 
whether the symmetry breaking patterns of the boundary three-dimensional theories can be 
understood holographically. Progress here stumbles on the poor understanding of the bulk 
counterpart of the 0{N) boundary symmetry. For example, it is not clear yet whether there 
are non-perturbative objects in higher-spin gauge theory on AdS4 that give rise to the global 
0{N) symmetry in the boundary. Hence, it is not known if only the singlet sector'^ of global 
0{N) can be described holographically, despite the fact that boundary vector theories possess 
nontrivial and well-understood non-singlet sectors as well [8]. 

In this note we focus on the bosonic 0{N) vector model and ask how higher-spin gauge 
theories in AdS4 could describe holographically its 0{N) — )• 0{N — 1) symmetry breaking 
pattern. We show that this can be done by deforming the bulk theory by a scalar singleton 
— a bulk scalar with mass = —5/4 — which is coupled to the higher-spin multiplet 
only via marginal boundary interactions. We will argue that if the initial bulk higher-spin 
theory was describing the 0{N) model, then the deformed theory describes the 0{N + 1) 
model. As crucial evidence for our suggestion, we show that using our bulk construction we 
exactly reproduce the gap equations of the 0(N) theory that determine its vacuum structure. 
When extended by the singleton, the bulk theory breaks higher-spin symmetry due to the 
presence of the marginal boundary deformation. Nevertheless, the deformation leads to a 
diagrammatic 1/A'^ expansion for the two-point functions of the boundary scalar leading to 
an 0{1/N) anomalous dimension. The latter turns out to coincide with the UV anomalous 
dimension of the N elementary scalars in the 0{N) vector model. 

Our bulk construction indicates that singletons play a crucial role in the holography 
of vector- like theories. Although it is often said that singletons decouple because they are 
dual (in alternative quantization) to free scalar fields, here they are made non-trivial through 
the imposed marginal boundary interactions. Also, our results provide positive evidence for 
the point of view that the reduction to the singlet sector is a consistent truncation of the 
higher-spin theory and does not require gauging the boundary global symmetry. Finally, the 
extension of our mechanism to include the boundary marginal interactions of singletons to 
the full higher-spin multiplet should be the analog of the introduction of a single DS-brane 
in five-dimensional supergravity such as to describe the boundary SU{N) — )• SU{N + 1) 
symmetry enhancement. It would be very interesting to understand the singleton physics on 
a similar footing. 

^For reviews of higher-spin theories see e.g. [11, 12]. 

■^For some recent work on gauging the boundary symmetries using Chern-Simons fields see [21, 22]. 
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In Section 2 we review the field theoretic description of the 0{N) vector model, its 
large- expansion, gap equations and anomalous dimensions of its low lying scalars. 
This material is standard, but we present it in such a way that comparison to the holographic 
construction is straightforward. In Section 3 we extend the bulk theory with bosonic singletons 
and use the appropriate boundary conditions to describe the boundary gap equations that 
describe clearly the 0{N) — >• 0{N + 1) symmetry enhancement pattern in the boundary. 
Moreover, we remark that the presence of the boundary marginal deformation yields the 
anomalous dimension of the elementary scalar field at the UV fixed point. In Section 
4, we summarize and discuss the extension of our results to fermionic theories and general 
higher-spin holography. 

2 Review of the 0{N) vector model 
2.1 The model and its large- expansion 

For simplicity we work in Euclidean space. The model consists of A'^ elementary scalar fields 
o = 1, 2, .., with Lagrangian 

L = ^Jd^xdf,rdt,r, (2.1) 

subject to the constraint 

= ^ ■ (2.2) 

Using a delta-function representation the constraint can be inserted into the partition function 
introducing a Lagrange multiplier scalar field p as^ 

Z = I {V(l}''){Vp)e-^^'t>"^P\ (2.3) 



i{r.p) = \j d^xr{-d^)r + \jd?xp (^rr - ^) • (2.4) 

We have defined the rescaled coupling g = GN anticipating a large-A^ expansion. The 
dimensionfull coupling \/G sets the physical mass scale of the theory. From (2.2) we note 
that G — )• is the free field theory limit which lies in the UV. 

Integrating out the (/)"'s one obtains the effective action for the a field, Seff{p), as 

Z = I {Vp)e-^^^ff(P^ , Seffip) = ^Tr ln(-a2 + p) - J d?x^^ , (2.5) 

This integral has a saddle point at large- A^ with constant po determined by the gap equation 

Po~^^ g~J (2vr)3p2+^„- ^'-^^ 



dp 



^Another model with a large critical point can be obtained by introducing 4>'^ interactions in the free 
theory. In that case, the p field is obtained via the Hubbard-Stratanovich mechanism, and the resulting action 
differs from (2.4) in the form of the terms depending only on p. 

^The p integration runs parallel to the imaginary axis. 
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Clearly, inspection of (2.4) shows that a constant value for pQ constitutes a mass for the 
elementary scalars as po = m?. 

The large- expansion is obtained by systematically expanding around this point as 

p[x) = po + -^o-(a;) , (2.7) 



and one obtains an effective action S^^j{a,pQ) for the real fluctuations a as 

Seff{.p) = Veffipo,g) + ^S^ff{a,po) , (2. 

2-- - -P'' 2,' 



Veffipo,9) = ItiH-O^ + po) - ^iVol)3 , (2.9) 



Seff{<^iPo) = \j '^{x)i:^{x,y] po)a{y) + j a{x)a{y)a{z)P{x,y,z]pQ) + ..{2.lQi) 

where iVol)^ is the three dimensional volume and Ueff{pQ,g) = Veff{po,g)/{Vol)3 the ef- 
fective potential of the theory. Using (2.10) one constructs a generating functional W[r]] for 
connected correlation functions of a as 



J{Va)e-^^ff'-'''P°^^-^'''' . (2.11) 



2.2 The 0{N) 0{N - 1) symmetry breaking 

The gap equation (2.6) determines the vacuum structure of the theory. Introducing a UV 
cutoff A for the momentum integral this can be rewritten as 

1 d^p 1 (fip Po 



27r2 27r2 
If we define a critical coupling g^: as 

1 _ A 

then (2.12) takes the suggestive form 



g J (2^)3 p2 J (2vr)3p2(p2 + p^) 

A \/1po| a , , 

arctan — . (2-12) 

vIpoI 



(2.13) 



1 A ^^p^^j^ ^ vM + o(pq/a) , (2.14) 



27r2 4-K 



9* 9 J VIPo 

We see that the vacuum structure depends essentially on the value of the bare coupling g 
with respect to the critical coupling g^.. The gap equation, as we have written it here, has 
a solution when g > g^ m. which the theory is massive, m = y^jpol 7^ 0. When we tune to 
9 = 9*1 there is no mass scale in the theory and (2.10) yields the generating functional of 
connected correlation functions of a scalar operator a with dimension A = 2 + 0(1 /N) in a 
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three-dimensional CFT, as we will discuss in Sec. 2.3. The latter is what is often called the 
critical 0{N) vector model. 

For g < the only solution of the gap equation is at po = 0, however an arbitrary mass 
scale remains in the theory even after sending the cutoff to infinity. This is an indication that 
the theory enters a symmetry broken phase. The clearer way to see this is to separate out 
the A'^'th component of (/'"'s, which we denote as (f), and integrate over the remaining — 1 
elementary scalars to obtain 

Z = j [V(j)][Vp\ e-(^-i)^-//(/'''^) , (2.15) 
with the effective action now defined as 

S,ff{<P,p) = S^ffHp) + ^^JzrT) I d^^H-d' + P)^, (2.16) 
S^'fAp) = ^Trln(-5^ + p) - /d^x ^ . (2.17) 

Apart from the different scaling of the coupling constant g, the effective action S^j^~j-^{p) 
is essentially the same as Seff{p) given in (2.5). The large- expansion is now performed 
around the constant saddle points po and </>o defined as 

p{x) = po+ _ j^ o'(^) > 'Pi^) = (Ao + ■ (2.18) 



with pq , (t)o determined by the gap equations 



95, 



eff 



a2 



N 1 [ (fp 



dp i^o,Po) N-1 {N-l)g y (27r)3p2 + ^Q' (^.19) 
dS 

^ =O^Po0o = O. (2.20) 
(00, po) 



90 

The effective action is then written as 

Seff{4>,p) = Veff{^0,po) + J^S^ff\^,a), (2.21) 

Veff{(p,Po) = ^TVln(-a2 + po) - 2(jv - i)g ^o(^"03 + 2(Ar- i) ^°'^o(^o03 , (2.22) 
S^j'J^{(p,a) = S^jJ^{a,po) + ^ I ip{x)Do{x,y;po)Lp{y) 



1 



+ 2,/N^ J ^(^)^'(^) + J ^i^M^) ■ (2-23) 

Comparing (2.8) and (2.21) we see that the effective action for the 0{N) model can be 
obtained if we take the effective action S^j'J^{a, po) of the 0{N — 1) model and integrate in an 
elementary scalar field ip with a marginal deformation J aip"^, as well as a linear interaction 
J ipa whose strength is proportional to the constant saddle point value (pQ. In particular, at 
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the critical point where po = 4'o = 0, we learn that the effective action of the critical 0{N) 
model is obtained from the effective action of the critical 0{N — 1) model by integrating in 
a massless elementary scalar (/^(x) with marginal interaction. Namely, the 0{N — 1) model 
"eats" elementary scalars with 0(1/ ^/N) marginal interactions by enlarging its symmetry, 
shifting — 1 — 7- A^. This is the observation that will allow us to describe holographically 
the 0{N) —7- 0{N — 1) symmetry breaking. 

Now let us return to the gap equations (2.19-2.20). As before, we set po = rn^ with m 
the common mass of the fundamental fields (j)'^. Using then (2.12) we obtain 



A^ 1 1 \ |m 



Equation (2.24) differs from (2.14) in two ways. Firstly, we notice the presence of an extra 
term on the left-hand side. Secondly, there is an extra N/ (N — 1) factor in front of the 
coupling constant 1/g. These two differences are intimately related. 

The modified gap equation (2.24) yields an explicit manifestation of the Goldstone mecha- 
nism. From (2.20) we see that (po and the physical mass \m\ cannot be nonzero simultaneously. 
Moreover, the physical mass must satisfy \m\ < A. We see that the free field theory regime 
lies in the UV since there g < Ng^,/{N — 1) and g has dimensions of inverse mass. In this 
regime the mass vanishes but from (2.24) we see that we always have </>o 7^ unless we fine 
tune the theory exactly to the critical coupling g = Ng^/(N — 1). Hence, once we move away 
from the UV free field theory, the 0{N) symmetry is always broken to 0{N — 1) as one of 
the components of the elementary fields (j)"' acquires a nonzero expectation value. As usual 
we also have A^ — 1 Goldstone bosons which are seen here as the massless elementary scalars 
that were integrated out. 

When the coupling is tuned to g = Ng^,/{N — 1) we have = m = Q and we arrive at 
the critical 0{N) vector model. Notice, however, that the above critical point differs from 
the critical point found in (2.14) which required tuning the bare coupling constant exactly to 
g = g*. However, by writing as 



g* a g* n -ig 

we see that the critical point determined by (2.24) is shifted away from being exactly 'i/g^t 
by a quantity of order 1/(A^ — 1) whose effect is to renormalize to zero the square of the 
condensate (/)q in (2.24). This way we understand the differences of (2.24) and (2.14) and we 
see how both of them lead to the same nontrivial critical theory in the IR. It is interesting 
to notice that we have reached this IR theory through a path where the 0{N) symmetry is 
always broken except at the two end points. 

Finally, as the coupling increases lo g > Ng^/{N — 1) the only way to satisfy (2.24) is to 
have (pQ = 0, but then we must also have m ^ 0. This means that the 0{N) theory enters its 
massive phase. The common mass of the A^ elementary fields is 
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and is smaller than the cutoff as should be required. It is only in the limit g ^ oo that the 
physical mass approaches the cutoff. 

We can now return to (2.21) and clarify further the relationship between the 0{N) and 
0{N — 1) models. We note that the value of the critical coupling is independent of N. 
Starting then from an 0{N — 1) model, the absorption of the elementary scalar (p is done 
once we enter the massive phase of the theory, namely when g = Ng^/{N — 1) > g^. Then 
it is possible to deform the theory by a marginal coupling and return to the universal fixed 
point at g'*, having however enlarged the symmetry to 0{N). Starting deeper in the massive 
phase with g > Ng^/[N — 1) the model absorbs the elementary scalar and flows to the 
massive phase of the 0{N) model under the marginal deformation. Finally, if we start from 
g < Ng^f/{N — 1), then the addition of the elementary scalar can be done only when (pQ ^ 
and the linear interaction term J a(p is nontrivial. In this phase we can shift the scalar 
fluctuation as 



A short calculation then gives 



-{Af-l)ye//(O,0o) 



{Vip){Va)e 



f 1 , 

S2' 



(2.28) 

The last term in the exponent of (2.28) is a nonlocal version of the irrelevant double-trace 
deformation J o"^ which drives the theory in the UV where we expect to find the free 0{N) 
model. Clearly, all the above discussion can be repeated if we shift — t- N+k, /c € Z in which 
case we are describing the generic symmetry breaking pattern 0{N + A;) — t- 0{N -\- k — 1). 
In Fig.l we draw the phase diagram of the bosonic model and in Section 3.1 we will see how 
this picture arises holographically. 

2.3 Anomalous dimensions in the critical 0{N) vector model 

The Lagrangian formulation of the 0{N) model allows for the calculation of all correlation 
functions of the operators 0" and a. For that, we need the partition function coupled to 
sources for 0" and p as 

At g = g^ this gives the generating functional^ for the critical 0{N) model as 

Z[r,r]] = e^I-^^'^'f*! = e-^^«//(°'3*) [ [Da] e"^-'//('"'°)+^'''"+^ . (2.30) 



Using (2.30) one can perform a systematic 1/A^ expansion for all correlation functions of 
6" and a. However, the straightforward approach is not very useful beyond the leading order 



We have appropriately rescaled the sources J" and 77 in (2.30) such that the two-point functions for 
and A are 0(1). 
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Figure 1. The phase diagram of the bosonic 0{N — 1), 0{N) and 0{N + 1) vector models and their 
relationships. The stars are the fixed points (CFTs). The solid arrows denote marginal deformations 
leading to the IR fixed point of the symmetry enhanced theory after the absorption of an elementary 
scalar (p. The dotted arrows denote deformations that include irrelevant double-trace ones leading to 
the UV fixed point of the symmetry enhanced theory. 

in since the massless loop integrals that appear are unmanageable. To deal with this 
issue, sophisticated methods that exploit the conformal invariance of the model have been 
devised in [23-25] and have led to the calculation of the anomalous dimensions of (p"^ and a 
to 0{1/N^). These methods have also been applied to fermionic [26-28] and supersymmetric 
[29, 30] vector models. 

At the same time, W. Riihl and collaborators in a series of works (e.g. [3-5]) initiated 
the study of the operator spectrum and anomalous dimensions of the critical 0{N) vector 
model. Their methods have been extended by [8, 9, 31] where it was shown that there exists 
a non-Lagrangian (bootstrap) CFT formulation of the model where the basic dynamical 
information is the cancellation of shadow singularities in the OPE. In this approach, all 
information regarding the operator spectrum comes from the OPE analysis of four-point 
correlation functions and one explicitly demonstrates the presence of an infinite series of 
higher-spin currents which are conserved in the large- limit, but acquire anomalous 
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dimensions given by^ 



A, = 5 + 1 + 47^; 



2k. 



1,2, 



(2.31) 



2s - 1 ' 

where 7^ is the anomalous dimension of (p^ to be calculated below. Notice that since the 
higher-spin currents of the 0{N) model are operators of the form 



(2.32) 



with total symmetrization and tracelessness imposed on space-time indices, formula (2.31) is 
a remarkable check of an old argument by Parisi [32] regarding the anomalous dimension of 
leading twist operators in non-asymptotically free theories. Indeed, for large s, the partial 
derivatives completely split the two elementary fields and the energy (i.e. scaling dimen- 
sion) of a state described by (2.32) tends to the sum of energies (i.e. dimensions) of the two 
elementary "partons" cj)"'. This is in sharp contrast with the behavior of higher-spin currents 
in asymptotically free theories where the presence of gauge fields leads to the Ins scaling of 
anomalous dimensions for large s. 

Finally, let us briefly review the leading order calculation of anomalous dimensions for 
the elementary fields and a. Using (2.30) it is straightforward to obtain the graphical 1/N 
expansion for the two-point function {4>°'4>^) and (era). Conformal invariance dictates their 
form to be 



(0"(x)/(O)) 



a 



4> Mb 



(2.33) 



One way to do the calculations is to fix the dimension d 
7<^, K and z as 

1 9 
^0 = o + 70 , = 2 - 27<A - 2k , CiC^ 



3 and define three critical indices 



1 



+ z 



(2.34) 

with j^,K,z ~ 0{1/N). As an example, consider the two-point function of (j)"" which to 
leading order is given by a-exchange. The loop integral can be performed using (A. 7) and 
one finds 



1 1 

47r l^l 
1 1 
47r \x\ 



1 + 



1 4 
TV 3^ 
1 4 



r(-i + 2K)- 



1 



-4k 



+ ... 



cafe 



In Ixl + ... 



(2.35) 



The logarithmic term in the rhs of (2.35) gives the well-known result for the anomalous 



dimension of 6"" as 



4 1 



7*==^^ (2.36) 

For the calculations of k and one needs to consider the 2-pt function of a and also the 
renormalisation of the vertex a(f)^. The most updated results are already a few decades old 
e.g. see [25]. 



'A. CP. acknowledges learning about this formula from W. Riihl many years ago. This result should be 
obtainable using (2.30) but we are not aware of any such calculation. 

*See for example the book [33] where the result quoted in Sec. 28 corresponds actually to 27^. 
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3 The holographic description of the 0{N) vector model via higher-spin 
theory on AdS4 



It was proposed in [10] that the free bosonic 0{N) model has a holographic dual on AdS4 
with higher-spin symmetry. The basic observation is that the free currents (2.32) correspond 
to unitary irreducible representations (UIR) of SO{3, 2), denoted as -D(A, s) with dimensions 
A = s + 1. When s is even, these arise in the parity-even tensor product of two singleton 
UIRs L>(l/2,0) as 



[D{l/2, 0) D{l/2, 0)]s = D{1, 0)eYl ^(^^ + 1' ^s) • 



(3.1) 



s=l 



in which the lowest dimension operator (i.e. the "spin-zero" current) is a scalar of dimension 
A = 1. The suggested correspondence would proceed by considering a bulk action for the 
higher-spin gauge fields with the schematic form^ 



Ihs 



oo 



s=0,2,4,. 



L2 



(s^ - 2s - 2) 



+ 0(l/ViV). (3.2) 



In (3.2), ^'•^^ denote symmetrized and double-traceless rank-s tensors, are generalized 
Pauli-Fierz operators on the fixed AdS4 background metric g^^,, and (s^ — 2s — 2)/Lp' is 
a mass term that is necessary to maintain higher-spin gauge invariance on AdS4. By the 
usual rules of AdS/CFT, the quadratic part of the bulk action (3.2) yields the two-point 
functions of all free higher-spin currents (2.32) normalized to 0{\). More precisely, since 
is a conformally coupled scalar, in order to obtain the two-point function of Z)(1,0) 
in the boundary one needs to quantize using the so-called alternative quantization AQ. The 
cubic interaction terms in (3.2) would then give rise to the three-point functions of the 0{N) 
model which scale as \/^/N. Higher order interaction terms would give rise to higher-point 
correlation functions in the boundary. 

Upon introduction of interactions, the free 0{N) theory flows down to the IR critical 
point in which a dimension A = 2 operator, namely the UIR Z)(2,0), is present in the 
spectrum. There, higher-spin symmetry is broken since the currents (2.32) acquire nonzero 
anomalous dimensions of order 1/A^. Nevertheless, higher-spin symmetry is restored at least 
at — )• cxD. In Ref. [10], this mechanism was demonstrated holographically by introducing 
the 'double-trace' deformation (^"^")2 to the bulk action and noting that this has the same 
effect as the Legendre transformation that switches the quantizations of the bulk conformally 
coupled scalar field. 

We will review this mechanism below from a new point of view. In particular, it is 
our intent to recover the detailed form of the boundary gap equations, and thus the vacuum 



'■'The equations of motion of a consistent interacting higher-spin theory can be formulated on AdS4 and 
have been written down by Vasilicv (see e.g. [11]). They necessarily include an infinite number of higher-spin 
fields. The Lagrangian formulation of the full set of equations is not yet known. 
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structure of the 0{N) vector model, from a holographic analysis. As we shall see, this requires 
a detailed examination of boundary terms in the on-shell action. Furthermore, it will be 
convenient, for reasons that we discuss below, to extend the bulk theory by the introduction 
of an additional scalar field, that may be thought of in terms of the dual field theory as the 
introduction of the Lagrange (or Hubbard-Stratanovich) field a that played a central role in 
the analysis of the last section. This apparently violates the higher spin symmetry, but we 
will find that that symmetry is restored in precisely the way expected from the field theory 
analysis. Finally, the understanding of the symmetry breaking phase structure will require 
the introduction of an additional bulk field, that is a singleton (i.e., in the UIR D(l/2,0)). 
We break the analysis into these two pieces to most closely follow the field theory analysis 
that we reviewed above. 

3.1 The gap equations from holography 

The output of any holographic calculation is the generating functional of correlation functions, 
VF[J], in which the source J for an operator in the dual field theory is obtained as one of the 
asymptotics of a bulk field, the other asymptotic corresponding to the vacuum expectation 
value of the operator. The generating functional is obtained directly from the bulk action, 
evaluated on-shell in terms of the asymptotics of the bulk fields. This on-shell action is in 
general supplemented by boundary terms that renormalize the theory as well as by finite 
boundary terms that modify boundary conditions. As usual in field theory, the generating 
functional may be Legendre transformed to give a quantum effective action r[(C')] depending 
on the one-point function of the corresponding operator. It is this object whose critical points 
determine the vacuum structure of the theory. As we review in the appendix, a Lagrangian 
deformation of the classical field theory action by the functional f{0) of the operator O, 
corresponds at least at large A'' to a simple deformation of the quantum effective action 

Tf[a]=To[a] + f{a), a = {O) . (3.3) 

Thus, given such a deformation, the gap equation will be obtained as 

= (3.4) 



5rv 

6a 



where denotes a solution to the gap equations. We see that the boundary Lagrangian 
deformation, denoted here by /(c), will directly impact the form of the gap equations. Given 
such a deformation, the induced change in the generating functional will be generically rather 
complicated, except in the 'double trace' case, where we take / to be quadratic ~ then the 
Legendre transform back to W[J] is linear and easily performed. For higher order polynomials, 
it is non-linear and a 'Maxwell construction' is generally required. 

The higher spin theory action (3.2) on AdS^ includes the bulk scalar field ^^^^ = $ of 
mass m?Lp' = —2. Asymptotically, this field behaves as 

$~QZ + /3z2 (3.5) 
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In this particular case, we have a choice: the standard quantization (SQ) assigns a as the 
source for a A = 2 operator with vev /3. The alternate quantization (AQ) instead interprets 
/3 as the source for a A = 1 operator with vev a. It is the alternate quantization then that 
gives rise to the free UV fixed point, with its A = 1 scalar operator, (f)"-<j)"-. 

To mimic the field theory analysis, we propose extending the bulk theory to contain two 
fields with m^L^ = —2, namely 



lextHS 







1 d'^Xy/^^T. 





Ihs + 

We will take $ in AQ, and E in SQ. Asymptotically, we write 



az + (3z^ 
rjz + az^ 



(3.6) 



(3.7) 
(3.8) 



so that ^ gives rise to a A = 1 operator with vev a, while S gives rise to a A = 2 operator 
with vev a. Further, we suppose that (at least at the present order of discussion), these fields 
do not mix in the bulk (or via their internal boundary conditions). This means that the 
regularity conditions of the bulk equations yield a = a(/3) and a = (j{ri), and determine the 
boundary generating functional as 



LextHS 



W[P,r,] 



a(/3)/3- / a(r?)77. 



(3.9) 



It is important to point out the different relative signs in (3.9) which arise because of the 
opposite quantizations used for the bulk fields. In particular, the on-shell bulk action equals 
minus the boundary generating functional if one uses SQ and the generating functional will 
be W[f3, T]]. Also note that starting from (3.6) the two-point functions of both the operators 
with A = 1 and A = 2 are normalized to 0(1). This means, for example, that in terms of 
the elementary fields a ~ {cj)°- cj)'^) / ^fN . 

If this were the full story, then constructing r[a, cr] would give no sign of the gap equation 
of the 0{N) model, as S is decoupled from <I> (as well as the rest of the higher spin fields). 
This can be remedied by a rather mild modification. Namely, we introduce boundary terms 
that couple the two fields together, that is, we introduce a Lagrangian deformation of the 
form^'' 



/(a,c7) = j {aa + V{a)-]^ 



\{a -hf] , V{a) 



X' 



-a . 



(3.10) 



3 y g 

Up to an overall normalization the deformation (3.10) depends on the two dimensionless 
constants A and A', while h is a parameter with dimensions of mass. Then we have 

1 

9' 



T[a,a] = J ^-aKia — -aK^^a + 



-A(a — h)' 



(3.11) 



The cubic potential written here is in fact the most general, up to a constant shift in the definitions of a 
and Q. The (f>^ model is obtained by taking instead V{a) ~ a^. 
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where Ki is an appropriate kernel. For constant a and a, we obtain the gap equations^^ 

a = - (3.12) 

g 

a = X{a-hf (3.13) 

The first equation (3.12) above is what we expect for the 1-point function of the o"- model 
and corresponds to the constraint (2.2). Taking into account the rescaling of the coupling 
which we have done after (2.4) we conclude that A' = \/iV- The second equation (3.13) can 
be rewritten as 

— = h±^JjV^ (3.14) 

Thus, comparing to the cr- model gap equation (2.14) we see that we should keep the minus 
sign in (3.14) and further interpret 



167r^ , VN , , 

A = — , h=^. 3.15 

N 

The introduction of both $ and S clearly breaks higher spin symmetry. However, we expect 
that it is recovered only at the critical points. The free UV fixed point is reached taking 
gf, A — )• and the cutoff to infinity, whereby a decouples. Therefore only the A = 1 operator 
survives at the UV fixed point. 

On the other hand, the nontrivial IR fixed point arises when g ^ g*- Inspection of (3.11) 
shows that the introduction of the operator a is equivalent to a finite shift of the operator a. 
Hence, at g = g^, the operator a becomes redundant and decouples from the theory. 

The (a — h)^ term has an interpretation in terms of ($"$'^)^, the (classically) marginal 
term, while h introduces relevant terms in order that the non-trivial fixed point is properly 
described and appears at a finite value of g. This is equivalent to the well-known property 
that any relevant deformation of the UV free fixed point will lead to the nontrivial IR theory 
[33]. 

3.2 The singleton deformation of higher-spin theory and boundary symmetry 
breaking 

Next, we deform the higher-spin action (3.2) by a singleton field S of m?L'^ = — | as 



IdHS = hxtHS + I d!^x^/^\s 



5 



5, (3.16) 



2 

The asymptotic behaviour of S is 

5^^^1/2+0^5/2^ (3.17) 



^^Notice that the different signs arising from the different quantizations ensures the positivity of the 
quadratic kernels (see Appendix A). 

^^Since we have not written a constant term in V but do have a linear term in cr, we are free to shift a by 
a constant. Thus, the RHS of eq. (23) can always be chosen to be a perfect square. 
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For such a field, the only (unitary) possibility is to do AQ [34], giving an operator of A = 1/2, 
a free field. Such a field must decouple from the rest of the CFT. However, it can be forced 
to have a non-trivial effect by coupling it to the other fields through an explicit boundary 
interaction, namely f{(j),a,a) = XacjP'. That this interaction is needed could have been 
anticipated from our discussion below eq. (2.23) where we noted the presence of the (T(/3^ 
term as being crucial for the symmetry breaking structure of the theory. 

Explicitly, we add to the deformed action (3.16) the following boundary term 



fdia,a,4>) = j 



aa - V{a) -\]-{a- hf + Acr0^ 



, V{<j) = -<j, (3.18) 
9 



where using the results of the previous section, h = and A = Other than the 

presence of the marginal term, a crucial difference between (3.18) and (3.10) is in the linear 
deformation V{a), in which we have modified A' to A' = As discussed in Sec. 2.2, this is 

designed such as to be able to absorb the singleton field 4) by suitably adjusting the coupling 
1/5 in the massive phase of the theory. The gap equations following from (3.18) are 

a + Xcj)^ = —= — (3.19) 




(3.20) 
(3.21) 

The third equation is familiar from the a-model: there are two phases, one in which (/> = 
(massive phase) and the other in which cr = (broken phase). The first equation has an 
0{N + l)-invariant form if we interpret a ~ and cf) ~ {<^^~^^). Substituting then a 

from (3.20) to (3.19) we find 

= + (3.22) 

y/N 9 9* ^T^^ 



Setting A = l/yN this coincides exactly with (2.19). The two solutions are 

iV + 1 1 _ 2 /iV + 1 1 1 



1: (j) = Q a = ^^-, CT = 167rM— (3.23) 



N 1 ,2 /iV + 1 1 1 



2: a = 0, a = — , --6'=[— (3.24) 

9* N \ N g g^J 

Note the important point that a 7^ does not signal 0{N) breaking.^"' Rather (/) ^ implies 
0{N + 1) — )• 0{N). As before, there is a critical point when g/g* = (N + 1)/N. We can have 
0{N + 1) breaking only when g/g^, < (N + 1)/N. For g/g^ > {N + 1)/N, the only solution 
to the gap equations is of the first type, namely the massive phase. 



That is, a is properly interpreted as the vev of an 0(A'^)-invariant operator. 
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3.3 The calculation of boundary anomalous dimensions 

At the critical point the operator a becomes redundant and the boundary term (3.18) becomes 



This is a rather simple marginal deformation of the extended higher-spin action (3.16) and 
leads to a 1/A^ expansion for the boundary two-point functions of </> and a. For example, we 
obtain 



{(t){xi)^{x2))def = (0(xi)0(x2))o + i^j d^xd^y {<i){xi)<i){x2)(T{x)(l?{x)a{y)<i?{y))Q + • • • , 



where we have dropped the 0(l/\/iV) term whose contribution vanishes, as do all other 
fractional powers of 1/A^. Eq. (3.26) gives the same expansion as in the field theory analysis, at 
least to leading order in 1/A^. Hence, the deformation (3.25) gives for the boundary singleton 
field (j) the same anomalous dimension as those for the UV dimensions of the elementary 
fields even though (3.25) may be regarded as a marginal deformation of the IR 0{N) 
fixed point in the presence of an additional scalar (j). Quite generally is not hard to see 
that the boundary graphical expansion for and a generated by (3.25) is the same as the 
graphical expansion for cj)"" and a generated by the field theory (2.29), and hence yields the 
same anomalous dimensions. Ultimately, this works at leading order lal/N precisely because 
one expects that any bulk diagrams do not lead to anomalous dimensions as long as higher 
spin symmetry pertains. 

4 Summary and outlook 

A complete holographic description of the 0{N) vector model should account for its rich 
vacuum structure and in particular for its 0{N) — t- 0{N — 1) symmetry breaking pattern. 
In this work we have shown that this is possible if one deforms the AdS4 higher-spin theory 
by a singleton field which sees the higher-spin multiplet only through a boundary marginal 
coupling. Then, imposing boundary conditions by the appropriate boundary terms to the 
extended bulk action we were able to exactly reproduce the gap equations of the 0{N) vector 
model. In doing so, we have discovered that the bulk higher-spin theory absorbs the singleton 
field by shifting its parameter — t- A + 1. This is the bulk dual of the global symmetry 
breaking/enhancement mechanism in the boundary. Moreover, the boundary interaction of 
the singleton with the higher-spin multiplet generates the same 1/A graphical expansion for 
the elementary scalar and "spin-zero current" as in the standard field theoretic treatment of 
the 0{N) model. Hence, the singleton deformation breaks higher-spin symmetry and yields 
the well-known anomalous dimensions for the elementary and "spin-zero" scalars of the 0{N) 
model, at least to leading order in 1/A^. 

There is a number of immediate extensions to our work. Firstly, is it important to 
understand better the boundary marginal coupling of the singleton to higher-spin currents. 




(3.25) 




(3.26) 
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For example, given the singleton field 0, one may consider boundary couplings of the form 



where t/^i -/^" is the leading coefficient in the asymptotic behaviour of a bulk spin-s gauge 
field. For s > 2 there are more than one possible term in (4.1). Once again, we expect that 
A' ~ 1/^/N. Generally, this has no effect on the vacuum structure, if that is determined 
by space-time constant configurations. It is expected that (4.1) would lead to a graphical 
expansion for the 2-pt functions of the boundary higher-spin currents which would enable 
one to calculate their 1/A^ anomalous dimensions. Reproducing the result (2.31) would then 
be a crucial test for our proposal. 

Our results can also be applied to the holographic description of three-dimensional 
fermionic and supersymmetric models with higher-spin duals [13, 14]. Notice that such mod- 
els describe parity symmetry breaking, and it would be interesting to understand the bulk 
counterpart of it. 

In AdS5/CFT4 correspondence adding a probe D3-brane to IIB sugra on AdSs x 5^ shifts 
by one unit N ^ N + 1 the fiveform flux. The singleton deformation is the analog process 
of the above in higher-spin gauge theory and its study might lead to a better geometric 
description for the dimensionless parameter N. The singleton deformation could also play an 
important role in the study of possible black- hole solutions for higher-spin theory on AdS4. 
For example, since a continuous symmetry cannot be broken at finite temperature in 2+1 
dimensions, we expect that bosonic singleton absorption would not be possible for higher-spin 
theories in black-hole backgrounds, while it should be possible for fermionic singletons. We 
hope to report on these issues in the near future [35] . 
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A Propagators and vertices 

The propagators and vertices we use in the text are given by 

A(x,y;/>o) = -^J ^e^P(^-^)n(p; po) , (A.l) 
f d^q 1 

P{x,y,z;po) = DQ'^{x,y;po)D^'^{y,z;po)DQ^{z,x;po) , (A. 3) 

^o-V,y;/>o) = y^^;^. (A.4) 

To leading order in 1 /N the two-point functions for the fields (p"" and a at the the nontrivial 
critical point g = are 

{r{x)^\y)) = D,\x,y;0)6''' = ^^^5"' (A.5) 

Att \x — y\ 

16 1 

{a{x)a{y)) = A-\x,y;0) = ^- ^, (A.6) 

vr^ \x — y\* 

Notice that the momentum space 2-pt function (A.l) is negative since the Lagrange multiplier 
field a is imaginary [33]. 

The massless diagrams are evaluated using 



/ 



d'^x; p^^^ = C(A,B,d) \ J- (A.7) 

\X - Xi\^^\x - X2\^^ ^ -X2p(^+-^~^) 

C(^^^^d) - r{A)T{B)r{d-A-B) ^^'^^ 

B Functional integrals and vacuum structure of field theories 

We review here some standard results (e.g. see [33]) regarding the study of vacuum structure 
in field theories using functional integrals. If S is the action functional of the theory, the 
Euclidean generating functional W[J] for connected correlation functions of the composite 
operator O is defined as 

Z[J]= [e-s+lJO = ^wiJ]^ (Bl) 



where J is the source. The quantum effective action T[a] (generating functional for IPI 
graphs) is the Legendre transform of W[J] and we have the usual relations 

mJl + rH = /j., ^5H = (o>.... = (B.2) 



The effective potential U^jf (vacuum energy density) is given by 

1 

Vd 



n^ct] = T^Ueff[a,t], (B.3) 
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where are constant configurations. Setting the source J to zero yields the gap equation 

0, ,B,4) 



6a 

which determines the vacuum structure of the theory, namely the values cj* for which the 
vacuum energy is extremized. 

Suppose now that we want to calculate the generating functional of O in a deformed 
theory, namely 

Assuming that the theory has a large- expansion we find 

^WfiJ] ^ J\-s+JJO-Jfm) ^ gW-[J]-//((o» (B^g) 

Then, using (B.2) we can find the effective action of the deformed theory as 

Tf[a]^r[a] + I f{a) (B.7) 
B.l Vacuum structure from holography 

Consider the bulk action If, for a scalar field^"^ (p{z, x) on AdS4 which we take here, without 
loss of generality and for later convenience, to be a conformally coupled scalar. The boundary 
behaviour of (j) is 

(l){z,x) za{x) + z'^l3{x) . (B.8) 
Then, the on-shell variation of the renormalized bulk action is, in the standard quantization, 

W^-^- = 6{I + h.t)°-'- = - [ f36a (B.9) 



where let. are the appropriate counterterms (including generalized Gibbons-Hawking terms). 
Formula (B.9) implies that the bulk action is stationary for Dirichlet boundary conditions 
5a = 0. However, it also implies that we can identify the on-shell renormalized bulk action 
with the generating functional for connected correlation functions of a scalar operator O as 

= J] ^ -W[J] , ^ffl = (0)^ = /3. (B.IO) 

Hence, from the definition (B.l) of W[J] we learn that imposing the boundary condition 
a = J to the on-shell bulk action is equivalent to evaluating the boundary path integral for 
the linearly deformed action 

S - [ JO. (B.ll) 



^*We use the usual Poincare patch for AdS4. z denotes the radial coordinate, x the boundary spacetime 
coordinates. The boundary is at z — >■ 0. 
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For a bulk conformal scalar with m?L? = —2, O is an operator with dimension A = 2. From 
W[J] we can find using (B.2) the effective action r[/3] and then setting J = the gap equation 
of the boundary theory. 

Consider now the deformed boundary action Sj 



Sf = S + j f{0), (B.12) 



where f{0) is a local functional of the field O. This is referred to as Lagrangian deformation. 
The generating functional VF/[J] of the deformed theory is given by 

eWf\J] = j ^-Sf+JJO ^ (B.13) 

which as shown in Appendix B.l lead to (B.7). Functional differentiation that with respect 
to a yields the gap equation of the deformed theory 

^ =J + /'(a.) = 0. (B.14) 
Oct ct=ct. 

The result (B.14), first derived in [36], can be used to describe holographically the vacuum 
structure of generic boundary theories. 

It is well-known that for a conformally coupled bulk scalar, there is an alternative quan- 
tization for which 

51%^ = + I a6/3 (B.15) 
In this case, /3 plays the role of source for a A = 1 operator and we write 

ITqW = J] ^ -W[J] , ^ffl = (0)j = a. (B.16) 

Lagrangian deformation of this theory leads to similar equations as above. The result (??) is 
generic and in particular applies when the theory is strongly coupled. 
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